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Introduction 

The work on the chemistry of rosin dates back to 1826 when 
Baupc^ first showed that it contained cry.stallizable acids. The ad- 
vance in the chemistry of these exudates (oleoresins) has been rapid. 
This is probably due to the scientific interest in the difficulty of cor- 
rectly ascertaining their structures as well as to the commercial interest 
in developing them as cheap raw materials. A large amount of work 
has .since been published on the rosin acids and on their relation to 
the original composition of rosin. It is only in recent years that some 
degree of order has been evolved in this difficult field of research. As 
a result, it has been established that the rosin acids belong to two 
different groups : (a) the abietic acid group which when dehydrogena- 
ted with sulphur yield retene and (b) the pimaric acid group whic'.i 
on dehydrogenation yield a hydrocarbon Gi( 5 Hi 4 probably a dimethyl 
phenanthrene. The empirical formula of these acids were first deter- 
mined as GaoHgoOg by Trammsdorf^ who analyzed the copper salt, 
which formula has now been accepted. 

Abietic acid is not an original constituent of tree secretions and 
it apparently is not present as such to an appreciable extent in rosin. 
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It arises as a transformation product' of the natural primary acids in 
the course of preparation and further treatment of rosin jrossibly 
through a succession of intermediate forms. Rosin appears to be a 
mixture of acids in various stages of transformation. Gliangcs occur 
during storage and under the influence of mild heat. It is not an 
easy matter to determine if a substance isolated even under the mildest 
condition is a primary constituent. Hasslestrom and Bogert'^ suggest 
that the fresh oleoresin contain 3 acids ; d-pimaric acid (which has no 
structural relation with 1-pimaric acid), 1-pimaric acid and 1-sapietic 
acid. It thus appears that pine oleoresin is a mixture of labile sapinic 
acids which are converted on distillation to a mixture of more stable 
acids some of which are isomeric including abietic acid. 


Rau and Simonsen^ have established the nature of the eliief a,eid 
present in Indian rosin derived from Pirns longifolia and have shown 
it to be abietic acid of the empirical formula GigHggCOOIi. 

Experimental 

In an attempt to find out a more economical melhod for the 
nianufactuie of abietic acid flom Indian rosin than is jiossiblc by any 
of the existing methods namely: acetic acid method of Steele"*, high 
vacuum distillation method of Ruzicka and Meyer®, erystalline acid 
salt method of Dupont, Desalbres and Bernette'^ and Palkin and 
Harris®, hydrochloric acid gas method of Keseler, Lowry and Fara,gher® 
diamylamine salt method of Harris and Sandersoni”, aleoliolie hy- 
drochloric acid method of Siddiqui, Bose, Das Gupta and Ghakravorty" 
and steam and hydrochloric acid gas method of Shkatelov^®, Indian 
rosin was subjected to treatment with high temperature steam. Tlicre 
are isolated references to this method^® for the preparation of abietic 
acid but they have not been carried to completion anywhere. More- 
over, no work has been done with Indian rosin on the aliove Iin(;,s 

An apparatus was fabricated in which rosin could lie treated 
continuously with high temperature steam at any desired tcmpijratu re. 
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isolation oj Abietic Acid 

The apparatus consists of a steam generator connected with a copper 
spiral tube dipping in a cylindrical iron vessel which is heated 
electrically. The cylindrical vessel contains an eutectic mixture of 

Sodium Nitrite 40% 

Sodium Nitrate 7% 

and Potassium Nitrate 53%. 

This serves as an inorganic salt bath which can be raised to a tem- 
perature of 600° G. On the lid of the cylindrical vessel is a thermo- 
meter pocket in which a thermometer or pyrometer is put to record 
the temperature of the salt bath. The steam from the generator 
during its passage through the spiral tube dipping in the salt bath 
takes up the temperature of the bath. The temperature of the exit 
steam was measured by placing a thermometer in a pocket at the 
outlet. 

Best quality Indian Rosin (water white grade) from Finns longi- 
folia from Indian Rosin and Turpentine factory, Cultterbuckgunj 
(Bareilly) ([a]^®-7'48 in ethyl alcohol) was subjected to this treat- 
ment for definite periods of time. Care was taken to use freshly 
powdered rosin every time. The rosin was maintained in a molten 
state in a pyrex flask at the same temperature at which superheated 
steam is led into it. It was observed that upto a temperature of 
200° G only a little oily liquid (probably terpenes) distill over. This 
constitutes about 2'3 per cent of the total rosin treated. The steam 
treated rosin thus obtained were pale in colour and crystals of abietic 
acid separate out easily from solutions in 90'7o ethyl alcohol. 

Anal: Galculated for G20H30O2. G-79-47 H-9-93 

Found G-79-21 H-10-73 

A number of derivatives were prepared and their melting points 
were determined. The results compared to the melting points of 
the same derivatives of abietic acid (prepared by different methods) 
by other workers are given in Table I. 
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Table I 



Derivatives 

Ruzicka 

& 

Meyer 

Aschan 

& 

Virtanen 

Rail 

& 

Sirnonsca 

Mitra 

1 . 

Dibromo acid 

— 

M.F, 107-1 10"G 

M.P. 1()8°G 

M.P. 110-1 rc 

2. 

Dihydrobromide M. P. 1 78*^ G 

M.P. 188-92"G 

M.P. 1B9“G 

M.P. 190-92“G 

3. 

Monohydroiodide 


M.P. 191-93°G 

M.P. 19RG 

M.P. 189-91°C 

4. 

Monohydrochloride 

■— , 

— 

M.P. 197°G 

M.P. 198-99°G 

5. 

Nitrosochloride 

— 

M.P. 144-45"G 

M.P. 144‘’G 

M.P. 143-45"G 

6. 

Monohydroxy acid 

— 

— 

M.P. 230°G 

M.P. 231-33“G 


The results obtained when rosin is treated at dilFereut teinpcruiures 
for varying lengths of time are shown in table 11. 


It was further observed that on progressively raising the tempera- 
ture of the steam above 200'''C, a yellow solid product began to distill 
over. The quantity of the distillate increased with temperature until 
a temperature of 300°C was reached when there was tendency ibr the 
major portion of the rosin to distill over. On exhaustive distillation 
about 60 per cent yellow transparent solid material was obtained. 
During the first stages of distillation, the distillate was briglit yellow 
m colour with a soft consistency which changed to paler colour and 
harder consistency with the progress of distillation. Abietic iwid could 
be obtained from the yellow product by crystallization from dilute 
alcoholic solutions. A second crop of crystals were obtained by 
concentrating the filtrate. 


The results obtained are given in table III. 


from h . percentage of acid obtained 

3 S r T “Iway. Ic., Hutu 

tJ^at obtamed from tho rosrduo treated at lower temperature, Ott tl,e 

other hand dte amount of abietic acid obtained from the diefrUate 

aOes on increasing with increase of temperature-. Beyond 300“ G 
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decomposition of the rosin sets in and copious fumes are given off. 
Although at 300'G the maximum amount of abietic acid is obtained 
from the distillate but the total amount of abietic acid obtained from 
both distillate and residue is maximum at 270°C when 58‘22% of 
abietic acid is obtained. It is not advisable moreover to go beyond 
300’C for then abietic acid is converted into pyroabietic acid. 


Discussion 

The form in which abietic acid exists in rosin has been a matter 
of great controversy for a long time. Maly^^ first postulated that the 
acid exists as anhydride and was supported by BischoflT and Nastvoged®. 
But licnriquc^''’, and Easterfield and Bagley^'^ have not been able to 
obtain an anhydride by high vacuum distillation of rosin as reported 
by BischolT and Nastvogel. Ru/icka and Meyer^® and Ruzicka and 
Schinz^®* were unable to verify the work of Knccht and Hibbert“® who 
have advanced the anliydride theory that abietic acid was dehydrated 
by heating at 190'’C in carbon dioxide for 8 hours. Steele^’- has also 
postulated that the acid exists as anhydride for he has not been able 
to obtain abietic acid from rosin dissolved in 98% acetic acid in cold. 
But abietic acid crystallized out when the solution was allowed to 
stand after being refluxed for 2 hours during which time hydration 
was supposed to occur. Schrogcr®^ obtained abietic acid by crystalli- 
zation of vacuum distilled rosin from anhydrous petroleum ether. This 
refutes the work of Knecht, Steele and others who postulate that rosin 
is composed essentially of anhydrides but supports the “Isomerization 
theory” which postulates that abietic acid exists as free acid in rosin 
which has to undergo an isomerization before it can be crystallized 

out from solutions in organic solvents. Shaw and SebrelT^ have also 
produced strong evidence against the anhydride theory. 

Keseler, Lowry and Faraghcr^ in their studies on the prepa- 
ration of abietic acid by the crystalline acid salt method have found 
that isomerization of rosin is essential for the formation of complex 
salts as commercial amorphous rosin gives no such precipitate. The 
isomerization can be followed by the change in optical rotation. The 
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original acid rotates light to the right while the isomerizod product 
gives a negative rotation. Mineral acids also effect: this chaugt^ in 
optical rotation. Aqueous or gaseous hydrochloric acid |)rov<;s to l)o 
an effective isomerizing agent. Tire same result may also l)c obta,incd 
by heating to 250'C. 

It was shown that heat or mineral acids cause the isomerization 
of primary rosin acids (except d-pimaric acid) to secondary acids and 
these secondary acids are in turn isomerized to abietic acid. Abietic 
acid, however, must not be considered the final isomerization product, 
since it can be isomerized to pyro-abietic acid. According lo'Dupouff® 
the isomerization proceeds as follows: — 

Primary acids-i-Secondary acids— >Abietic acid~>Pyroalri(‘lic add. 


It remained for Kohler^® to present the first classificalion of rosin 
acids. It is generally conceded that the .isomerization proc('ss is caused 
by a shifting of the position of the double bonds in tlu> rosin acid 
molecule from a position of higher to one of lower free energy*-^’. 'Hie 
ratio of these different rosin acids to one another in any given grade 
of rosin will vary considerably because of the greater nundx'i' of faciors 
affecting the isomerization. 

In order to ascertain the exact role that superheated slearn ])lays 
in the above process, experiments were done using inert gases like 
carbon dioxide and nitrogen in place of superheated steam. It was 
found that when carbon dioxide at a temperature of 200''G was bul)- 
bled through molten rosin maintained at that temperature, at first 
a colourless liquid (water) collect in the receiver which constitute about 
1-2% of the total rosin treated. After some time light yellow oily 
liquid (terpenes) collect in the receiver constituting about 1 -4% of (he 
total rosin treated. The heat treated rosin thus obtained were o('a 

pale colour and abietic acid crystallized from it from alcoholic solu- 
tions 

250 


M. P. 151-54°C 


a 


D 


5.8-26 
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On gradually raising the temperature of the gas to 300°C, a 
yellow solid product began to distill over. Abietic acid crystallized 
out from the light yellow solid from alcoholic solutions. 

M. P. 150-55°C 

The only difference observed in this case was that the distillation 
of yellow solid began at about 300°'G whereas with superheated steam 
it began at 200°C. The yield of abietic acid from carbon dioxide 
treated rosin was less than that obtained from steam treated rosin 
at the same temperature. 

The fact that abietic acid can be obtained by mild heat treatment 
of rosin in a suitable inert atmosphere seems to lend support to the 
“free acid theory” rather than “Anhydride theory” in the agelong 
controversy on the occurrence of abietic acid in rosin. Abietic acid 
exists in a free state, in rosin and the application of heat isomerizes 
it, which then can be crystallized out from solutions. In this way 
only can we reconcile the contradictory views of Steele on the one 
hand and Ruzicka and Meyer on the other. But prolonged heat 
treatment at very high temperatures carries the isomerization 
one step further and pyro-abietic acids are produced. In all these 
methods for the isolation of abietic acid from rosin heating is done 
at some stage which is responsible for isomerization of abietic acid 
which could thus be crystallized out from alcoholic solutions. 

Summary 

Abietic acid has been isolated from Indian rosin by treatment 
of superheated steam below 200'’C. Between 200-300°C a yellow 
solid product began to distill over which also gave crystals of abietic 
acid from solutions in alcohol. On I'aising the temperature beyond 
300"’G decomposition of the rosin sets in and copious fumes are given 
off. Abietic acid was also obtained from rosin by treating it with 
carbon dioxide below 300'’G. In this case distillation of yellow 
solid product began at 300°G. The yield of abietic acid was more 
A 52—2 


-59-37 
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when treated with high temperature steam than wlien treated with 
high temperature carbon dioxide. 
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THE s-t’ DOUBLET IN THE MERCURY L X-RAY SPECTRUM* 

By 

Chintamani Mande, M.Sc. 

DEPARTMENT OF PHYSICS, ALLAHABAD UNIVERSITY, ALLAHABAD. 

[Communicated by Dr. G. B. Deodhar, Ph.D. (Lond), F. Inst. P. 

(Lond), F.N.A.Sc.] 

Abstract 

Two new lines A 1308 -5 X.U. and A1371*8X.U. have been discovered in the 
L-emission spectrum of mei'cury. It has been shown that these are the forbidden 
lines ^s’ and 't' corresponding to the transitions LmMiii & Lin Mii. It is also 
shovv^n that these lines form a regular doublet. 

Introduction 

The ‘s’ and ‘t’ lines corresponding to the forbidden transitions 
Lm Mm and Lm Mu respectively have been reported in the L-emis- 
sion spectra of some elements of high atomic number by various workers. 
Thus the line ‘s’ has been reported for 73 Ta, 74W and 77 Irby Auger 
and Dauvillier^, for 78 Pt by Deodhar and the author'^, for 79Au by Auger 
and Dauvillier, and WoodalF, and for 82 Pb and 83 Bi by Idei^. Simi- 
larly the line ‘t’ has been reported for 73Ta, 74W, 77Ir, 78Pt and 79Au 
by Auger and Dauvillier, for 78Ptby Deodhar and the author, for 82Pb 
by Eddy and Turner®, and Idei and for 83Bi by Eddy and Turner. 

The line ‘s’ corresponding to the transition Lm Mm has not so 
far been observed by any worker in the mercury L-spectrum. A line 
A1380'6X.U. has been measured by Eddy and Turner® while studying 
the mercury L-spectrum and has been tentatively assigned by them as the 
line ‘t’ corresponding to the transition Lm Mn. However, Eddy and 
Turner themselves have pointed out that this lipe does not fit in the 
Moseley graph of the line ‘t’. It is therefore doubtful whether the line 

* This paper was read in a general meeting of the Nat. Acad, of Sci, .held on 
April 26, 1951., " 
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A1380-6X.U. measured by Eddy and Turner really corresponds to the 
Liii Mu transition of mercury. It was therefore considered worthwhile 
to search for the ‘s’ and ‘t’ lines in the mercury L-spectrnrn in this 
laboratory. 


Experimental 

In studying the X-ray emission spectra of mercury considerable 
difficulty is met in preparing a mercury surface which would last for 
several hours. However, it was found that a satisfactory coating is 
obtained by wetting a copper anti-cathode with mercury nitrate solution 
and then leaving the surface standing in liquid mercury for 
about 24 hours. The target is then removed and left in air for several 
days. This method gives a dry amalgam, which lasts I'or about 4 to 
5 hours satisfactorily. After about 5 hours, however, tlui a,nticathode 
has to be taken out and is replaced by another one. This, of course, 
means disturbing the vacuum everytirne, but ncvcr-the-less it is very 
important. If the anticathode is not replaced by a new one, the 
general blackening due to the copper target on the film would make 
it impossible to distinguish faint mercury lines. 

The X-ray tube was of the metal type constructed in this labora- 
tory, after a design by Siegbahn for spectroscopic work. The cathode, 
the anticathode and the body of the X ray tube were cooled by a 
current of water running continuously. The tube was excited by a step 
up transformer connected to a mechanical rectifier. The voltage applied 
was between 40 to 50 KV and the tube current was maintained at 
about 5 m. amps. 


The spectrometer was a single crystal instrument of medium 
dispersion; the distance between the slit and the crystal being 25cms, and 
the distance between the crystal and the film about 20 cms. A calcitc 
crystal ofhigh degree of perfection was used for this investigation. 

By giving varying exposures to the extent of 50 hours on a single 
film,xeveral^spertrograms were obtained. However, it was found that 
the s and t lines appeared only on giving heavy exposure. 
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The reference lines used for measurements were Hg Luj, for 
which Friman’s’ value A= 1238-63X.U. was taken, and Cu for which 

Wennerldf ’s®, value A= 1389*35X.U. was taken. 

Results and Discussion 

Table I gives the wave-length measurements and vjR values 
obtained for these lines by the author. 
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Table I 


Line 

Transition 

A1 

Aj 

Ain X.U. 

r/A’ 

‘s’ 

Lm Mm 

0 

0 

1308 -5 


‘t’ 

Liu Mil 

0 

+ 1 

1371-8 

0(i'f-2(l)) 


Moseley diagrams of these lines have been shown iu lig. 1 For 
elements between 73 Ta and 83 Bi . It can be easily seen that the 
v/i? values for these lines obtained by the author fit very well in these 
curves, so that no doubt is left about the correct assignment ol transi- 
tions for the two lines measured by the author. The ■\/ vjR value of 
the line ?i,1380'6 measured by Eddy and Turner has also been shown 
in Fig 1. It may be seen that this line lies away from the graph of the 
line ‘t’. It appears that the line A,1380T)X.U. measured by Eddy and 
Turner is perhaps a rough measurement of the Cu lim^ for which 

Wennerlbf has given the value 1378'24X.U. 

In table II are given the wave-lengths of (lu‘ \s’ and ‘l’ lines 
and their differences for some elements. 


Table II 
A in X.U. 


Element 

‘f 

‘s’ 

AA (At- -'As) 

73Ta 

1671-7 

1608-6 

63-1 

74W 

1621-6 

1561-0 

60-(i 

77Ir 

1490-0 

1429-5 

60-5 

78Pt 

1449-0 

1386-6 

62-4 

79Au 

1410-0 

1348-1 

61-9 

SOHg 

. , 1374 -8 ' 

1308-5 

63-3 

82Pb 

1305-0 

‘ 1242-03 

63-0 

83Bf-- --A' 


I209‘l ’• 

'■ ' - 60-2 
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The ‘s-f Doublet in the Merctry L X-Ray Spectrum 

It can be easily seen that A A for all the elements is constant 
within experimental errors. As the forbidden lines are faint and rather 
diffuse, greater aecuracy for the values of A A cannot be expected. As 
is well known, the constancy of AA shows that the lines ‘s’ and ‘t’ form 
a regular doublet. 
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A CLASS OF DIRICHLET’S SERIES POSSESSING ESSENTIAL 
CHARACTERISTICS OF A TAYLOR’S SERIES 

By 

Nirmala Pandey, M.A. 

Research Scholar, Allahabad University, 

Summary 

In this paper I propose to extend Hadamard’s Multiplication Theorem for 
Taylor’s series to a class of Dirichlet’s series possessing essential Characteristics of a 
Taylor’s series. Observing that the finite singularities of the series 

00 

P 

where the functions/®, X{z),l=re^^, Z==P+pe'^ satisfy certain conditions, are identical 

with those of the integral f dC whose sole finite singularity is A—iB provided 

.1 0 

A(^) is of the form A cos d+Bsin 0, I pass on to the study of the singularities of 
the series 

<x> 

A' («) A {At«)}/2 
P 

by means of the integral |’"a (QA (?) rf? whose sole finite singularity is 

. (/j-b-^2 — * ^iA~B^), 

provided Xi{9) and X^iO) are given by Xi(9)=A, cos d+Bisin 9, 

X^{9) =Az cos 9-\-B^ sin 9. 


The theorem established by me in this paper is as follows: — 

Theorem: — If 

(1) X{z) be a branch of an analytic function of ^(=x+iy=^+pe'^), l<P</> 
in the angle l<'n- and A(^:)=0 (p) uniformly in this angle as p->oo ; 

(2) A(;r) be an L-function such that it is positive for steadily tends 

to infinity with x; 

A 51-3 
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(3) A'(4:)=0 (1) as p-^QO, uniformly in the angle |(/>|<7r; 

(4) /i (Oj/s (C) are integral functions of ^==r«"’ satisfying the reliUJons (i) 

fi (^)=0 (ii)/2 (0=0 throughout the angle |/f|<:Tr; 

Hm sup logj^Cr^ =A,(0)=^cos0+5isin 11, (|0K^) 
lim sup (|pl 

(6) /i {A(.j)}j/a{A(^)} are integral functions of z and 

' |A'(^)/i {A(^)}/a {A(^)} ( ._^) I -,.>o 

as p-»oo uniformly on the arc |^ — ^|=p, 
for some positive values of then the series 

CO 

(7) H[S) =2/i {A («)}/2 {A(n)}.-*^<"> \'{n) 

P 

represents an analytic function of S in the whole plane excepting tlic point 

1. There is one important class of Dirichlet’s Scries, lutnicly 
the series all of whose coefficients are positive for which llic line of 
convergence is also the line of absolute convergence, and contiiins at 
least one singularity of the function represented by the scries. The 
object of this paper is to study the properties of anotluvr c.lass of 
Dirichlet’s Series for which the lines of convergence and absolute con- 
vergence coincide and necessarily contain’ at least one singularily of 
the function represented by the series. 

2. Theorem: — If 

A(^) be a branch of an analytic function of 

p-K^cp . . . (2-1) 

in the angle l<^|<7r and A(^) =0(p) uniformly in the angle as p ->oo; 

X{x) be an I-function such that it is positive for x:j:p and steadily 
tends to infinity with x; ... (2-2) 

A' (^)= 0(1) as 00 , uniformly in the angle 1^1 77 ; . . . (2-3) 
yi( 0 :/ 2(0 are integral functions of of exponential type in 
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the whole plane, satisfying the relations 
(i)yi(^) =0(A’'), (ii)y2(0 throughout the whole plane; (2-4) 

(i) lim logjy^*)] ^ ^ ^ p.5j 

(ii) ;™j_?d/s(2;!)l„A,(«)-Acose+s,sine, |9|=s:,. 

/i{A (-?:)},/2 {A(^)} are integral functions of ^ and 
|{A'('?:)/j.{A(^)}/ 2(A(-?:) i8)I->0 as p-^co uniformly on the 

arc 1^ — i^l =P5 1^1 for positive values of k, then the series . . . (2-6) 

00 

//{^)-2A'WA{AW!/a(A(n)><!-^l">, (5-«+if) ... (2-7) 

P 

represents an analytic function of S in the whole plane except the point 

5={(Al,+^,)-i(£i+£,)}. 

Corresponding to an arbitrarily small positive number e, we can 
choose a positive integer tiq such that the modulus of the nth term of 
the series (2‘7) is less than 

{lA'(n)|«i^i<“)+^2(0)+e-a]x(n)J foj, n>no(e). 

Now since A'(x) is itself an Z-function tending steadily, by virtue of 
(2‘3), to a definite quantity as a;-s-oo, is a 

positive monotonic function which ->0 as x-^oo, if cr>Ai(0)+A2(0)+e 
+e'>Ai(0)+A2(0)-f-e. Hence the series whose nth term is 

will converge, if the integral 

/•<x> 

± A'(x) «j!)[Ai(0)+A2(0)+e—cr]A(x)Zi<: converges. That this integral 

J 0 

converges for ct.>Ai( 0)+A2(0) +c+e'>Ai(0)+A2(0) 

is seen by putting A (x) =j); and so the series (27) is absolutely and 

uniformly convergent in the half plane 

Ai (0) + A 2 (0) + S> Ai(0) +A 2 (0) 

for every positive 8, and represents there an analytic function of S. 
Putting F(z) =A'(.2 )/i{A(^)}/ 2{A(^)} and applying Cauchy’s coun- 

tour integration theorem, we have 
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R 


0 ^ 




n iQ _ «+T 


where C is the contour formed by the lines and jSP give respectively 

by^ = ±W2andthearcPa«by «+!-/?, (2. being on the.r-axis. 

That IS 

/^p 724?^! 


+ f --[ /o.cn 

fiR J J, (2 8 ) 

tlxcn, by virtue 

ot (2-6) the integrals over P^^and QR->0, since 

I I .11 

are bounded on their respective paths of 


-2TTiZ 


-1 


and 


g21TiZ_l 


integration. Hence if S is real, positive and sufficiently largo. 

«w=/:^w^*+/r“-;s7+/ 


i8 e 


••■ ( 2 - 9 ) 


— h+h-^h (say). 


Considering the integral 4, we see that 

g-s’rp I 

I e-^'^^T—e-zzij] <Kj^e-^^P. on the patli of iiKcgration. 

by Virtue Of the 
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hypotheses of (2’1), (2‘3)j (2'4)j where c is an arbitrarily small positive 
number and p is sufficiently large. 

Hence converges like 

/•oo 

g-pi27r-(!ej+fc2 i-isi)6] which is uniformly 

J 0 

convergent for all bounded values of s, e being arbitrarily small. 

Similarly we can prove that 73 represents an integral function of s. 

As regards the integral A, it is equal to 
J”A'(x)/i{A(;f)}/2 (A(Ar)) J"/i (O/a {Q difzn integral 

function of s. 

So that H{S) —J{s) = G(6'), where G{S) is an integral function of S, 
and J{S) is an analytic function of .y defined initially by the integral 

• . ( 2 - 10 ) 

J 0 


The equation (2- 10) has been obtained on the assumption that 6' 
is real, positive and sufficiently large. But as the right-hand side 
represents an integral" function of S, the equation persists for all values 
of S. That is, the finite singularities of H[S) are identical with those 
ofJ(5). 

Considering the singularities of J{S) we know that the integral 
is absolutely and uniformly convergent in the half plane (0) + 
Aa (0)4 -S>Ai ( 0)-|-A2 (0) where 8 is any arbitrarily small positive num- 
ber. Hence f(S) is a analytic function of S at least in the half plane 
a>-Ai (O)-fAa (0)+S>Ai(0)-hAa(0). 

Now suppose for a moment, that 5'= (a-j-fO lies in the region 
and 7=; — (;t-f 8), where k is the maximum value of A(0) in 
the range 0^7,0 Then 
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fVi {z)A iz) e-^^dz= C' A {z),U iz) dz, 

Since \pey,ipe‘<>)f,{pd^)e-^^''^^^'^^h>0, as p->oo, is if .v lies in ihe region 
given by acosO — t sin d'^k, Q-zCOs^^tt. 


Now since 


l/i (^) A (d «'® " " ■"' " ' ‘‘p 

n 


which is uniformly convergent in the region 


cr cos 6 — ^ sin -1-A2(^) >Ai(0)-t-A2(0) , (e >e,0^ . 

the integral on the right hand side is absolutely and uniformly 
convergent in the region and so represents there an analytic, function 
of S. The same result holds when 6 lies between --- tt? (?■ 0. 


By the principle of analytic continuation it follows, t henTon^ that 
the function J(S') defined initially in a certain half-plaiu^ Is analytic 
in a much wider region, namely, the region lying extci'ior to t he; (urrve 
2 which is the envelope of the lines acos /?— itsin 6 ~X-j{0)\~X»^{B), |/1|- tt, 
i.e., the lines 

o-cos d—tsin d={Ai-{-A 2 ) cos 0+(i?j+J?2) •'‘i" 

Now this envelope is 

(a-I^2)^+(^+^l+-52)"-=€2 

so that it follows that J{S) is an analytic in the wholes plane exta'pting 
the point ^={(^1+^2)— i(jBi+j?2)}. 

Hence H{S) is analytic everywhere with the exception ol' the point 

5 = {( 4 +^ 2 )-*(^ 1 + 52 )}- 


3. The function X[^) contemplated in the theorem may be any 


one of a class of functions such as 






log^’ log log 


(Ocac-l) for 


the hypothesis (2-1), (2-2), (2'3)and (2-6) are all true for such a A(^). 
The simplest member of the class of functions satisfying the asymptotic 
equality (2-5) is eh 
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Remarks 

Theorem I enables us to study the singularities of a class of 
Dirichlet’s Series in terms of those of the Laplace-Abel integral and to 
extand Hadamard’s multiplication theorem to this class of Dirichlet’s 
Series: — 

00 

hfS) = ^/i{A(re) A' (n) has singularity at = (Ai—iBj) and 

P 

00 

h2{S)='yf2 A'(n) has singularity at a2= {A^—iB^), 

p 

then 

00 

H{S) = {X{n ) } /a {A(?z) A' (w) has singularity at 

P 

{(^di+Aa)— i (-Si+-^2)}- 

I am indebted to Dr. P. L. Srivastava under whose guidance the 
result is obtained. 
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ON INFINITE INTEGRALS INVOLVING PRODUCTS 
OF STRUVE’S FUNCTIONS 


By 

Snehlata 

Department of Mathematics, Allahabad University 
Communicated by Dr. P. L. Srivastava, Allahabad University 
(Received on March 31, 1951) 


1 . The object of this paper is to evaluate some infinite integrals 
involving the products of Struve’s funcdons defined by the formula 


H,{z) 


\r+2r-i-l 


,v (— 


. . . (M) 


It is proposed throughout the paper that the constants a and b 
are positive, and the parameters v, m, Uyp are, for simplicity, supposed 
real, the formulae are, however, valid in suitable chosen complex 
domains of both constants and parameters. 


2. Let us suppose that 

I-y—{ x^~'^ . (bx) dx, Vi-j-/i+l>0 

J 0 ’ 


and 


f*(X> 

* i 0 


. H,. [bx) dx, V 2 +/ 1+1 >0. 


Then we wish to evaluate the integral 


f" x^-^ . . H, {hx) . {bx) dx. 

Jo ’ ^ 


Substituting the value of H^{bx) from (Tl) we get 
A51-4 
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• • • Z2'’i+2r+l > 


* ^ on+2s \ i 




5 = 0 


^vj - "• J 


00 00 

[V-1 .e-“^ 2y(-l)’-(-.I)-''. (^/2)''r'M'vi:i 


r= 05=0 

X 


('/;/2)2>' I-25' y,v\ I I l!l I 2r I 25 


f(^|-f)r(.vH-^),r(x-j-| ri I ,v I •;) 


00 OQ 

= (^/2)''i'^‘'2+2 V'^('__2U (__])■'■ (/'/2)2’ '2' 


'' I ;; ) 


X 


r(x 


—. X j v''i I ''a'l 2M ;iM /I I I in2 

'2+-V + §) Jo •' 


the inversion of summation and integration being easily jnsliliabh- 

/1/2 


Put 


or 


ax^ = i i.c. .V -: 


rjl /2 


2ax dx = dt 


dx-- 


dt 


■2ai/2 Ji72 


2i' I 25 


(-lYi -lYibn 

V 1 p^/J-/2y’ii»'ai2n2.vi/M;i 


P'(^’2+'^+f) J 0 \(2^''V 


SA^ uy 

= (3/2)''i+''2+2 ’^V (— !)''(— ])'''(/»/2)“’'' ^' 

X’(^+i-) X'(vi-i r- |. :« 


X 


1 r® 

2 ifi/ 2 S^ 72 +p 72 +r+s+i- I Z‘'j/ 2 +<'a /2 l /./2 l r i s.| ,l.. ! 

J 0 
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(/)/2)>’1 + ''2 + 2 




2r+2s 


<^7'] + J'2^'3 /2 + 7’2 /2 + |> /2 + 1 


(*^1/2 + ’^2/2+/V2 4-.V 4 1 ) 

2 . fl''l''2+'’2/2+P72+’'+^+l 

00 00 

r=0 s=0 

.(*!'i/2ih^2/2+/’/2+r+>5'+l) 


^i'l+y2+2 


X 


a’-+^ . r(r+|) r(^ + f ) r(vi+r+|) riv^+s^^ ■ 


Hence, wc have, for 


r^-f- 2 ^0 


x?’-i . . H,. {bx). H,, (bx) dx 

Jo 1.2 


^2.r*=« 

r-:()5r.O 

P (vi/ 2 +v 2/2+/'/2 +?'H-'f-l-l) 

-'-^r(r-h f ) .r(,v,+|) r(rH-r+ 3 ) ) ■ 


Particular Cases 


(i) /; = 1 

2 ^J'iH-7'2 + 2 

j (bx) Hj,^{bx) dx— ''^>^i 2 ,+v^iiyAi% 

y V V (-1)- (-!)-• (^/2)^-^^2r(vi/2 + v2/2+| +r+^ ) 

n » ■^(■''+1) 7~'(ri+*'+f) •^(r2+'5‘+|) 

r=U 2!*!U 

where 7 ? |2^ + 2^"h§j>0- 

(a) 
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^ZZj-^^r{T-yi)T\s I ^)l\r-[X\l\s-VX 

7 “U i— u 

Vi = ^2 = -| 

{bx) i/i /2 (bx) & 


X V V -1“ ^ ^ ^ r('-i ■'■-I- 2) 

ZZa^^^riH^) r(.+f) r(r+2) rH:2)- 


{bx) H_„^ {bx) dx--r. ^ 
xTV-^ (-ir(-ir(/V2)“'''^-'./V l .v 


:!) 

'. I .^1 ;;)■ 


Put I'l = ^ in this 


rr<H,„{b,).H.,„il,x),h- 

J 0 


2=> . 


xTV i)''(^V2)"’'“''r(;--i ,v I ••) 

rTo ro A'---I . I Li)/ V- 1 2)/x.v i’ I) 


(ii) i) = yi + l 




If I I /'IJ I « 


^/'l t’/'a I ///'i I I .’l/t 


xyyiriu~}ni>rir'‘^n^vi’’.pi r i ..-i j) 

,t.st.“"'-f’(''+i) A(r4's) r(„,,.| . 4 ij) r(v.. I ,, t 


where 
(a) v^-0 


Hi >0. 


,f'" 
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',vv {-\n- \r W2 r *’‘ .r[v^ +r+s+i) 
''ZZ ^"^{r+i) r(i+i)r{vi+r+|jr{j+i) ’ 

where i? (vj-l-r+-S'+f)>0. 

(b) vi — 0 and vg = 1 

«oo n A3 

J . H, {bx) H, {bx) dx=^j~. 


"" Z Z a^+^r{r+^) T{s+i) r{r+^)T{s+i) ' 

(hi) /=1— vi 

2 l^Vii-i'2 + 2 

J {bx) {bx) dx = _ ^„,/ 2+;!/2 

X V V (- 1 )’^ (-!)■'' {hl^^^r{vfi2+r-^s-Vj) 

^ Z Z +»T(f+|)T(:f+i) r(vi+r+|)T(^ 2 +^ + 1 ) ’ 

7“ ;= () 5=0 

where i?Q^+|j>0. 

(a) vi = J and ^ 3 = 2 

/•oo A 11/4 

J . e . -^1/4 (^‘^) -^ 1/2 (^‘^) 21 S /4 

„vv (-i)'(-i)’W 2 )=’"’-r(>±i±iL 
“'*’ 2 ’(’'+§) J"(^+§) A’+i) ^'(^+ 2 ) ■ 

r ss u 5 = u 

(b) v-y — ^ and = 1 

/•oo 2 A7 /2 

I X ^^^.e ■ Hii' 2 ,{bx) IIi{bx) dx — ^2 


.. V V (-!)’■ (- 1 )' (^-/ 2 ) 2 ’'+ 2 .jn(,_l_,+ 2 ) 

^ Z Z a’-+^fTr+^)T(^+3Tr(r+2)T(.v+#) ' 

r=Os = o \ X -/ V / \ 


3. Now consider the integral 

/• 03 9 

/= J {bx) {bx) {bx) dx. 
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Substituting the value of H,, [bx] from (I'l) wc get 
Jo’ ■ , a ^ 

V f— 1)‘^ (Zi.v)'’-'*’' 

= V (-l)x^>'l+2*'+l ^ ( |)'7gal2Si, 


(- l )q^»-3 H-20+l 


the inversion of integration and summation being easily inslifiable. 

By the same process as before wc have for 

a>0, Vi-(-v2+V;j|-/;-|-37.() 

/. *"■' ■ (**) (/«) H,^ (/«) * 

_ ^»’i+'' 2+>’3+3 ^ JL 

~ 2Vf7^^4^,772+;’2/2.i-i^^ ^ ^ ^ I )r | y j 

rOsOciO 

. I +,)i (^+5)r(,+f)r(..+,+.)r(,^+:q;:,^ I I „y 

4.^ Generalising the result wc get 

//“■«" «,i (h) H,^ (Jr) .„ ^ (/„) . /q 

/»’'l+’'2+-+J'n_]+>’„+»i " 

2Wr*gj:rfgstrfr7^;j^^ 



On Infinite Integials 


31 


« 03 cc. ■yjD 

x22 2 ^(-l)^l(_iy2...(_l)r„_3.(_l)r„-i(_.l)rn 

V ] — 0 Tg — 0 ~ 0 7 0 

( / 9 ) S’-! +21-3 + . . . + 2r„_2 + 2rn_i + 2r„ 

V nv-,/2 +vJ2+- + Vn-i/2+vJ2+i>/2+ri+ra+-+r„_i -[-^nH-ra/2) 

r(vi + fi+|)r(l.,+r2+l)---A>^n-l + -^n-l+l)AVn + ^; + l) 
provided that 

a>0, Fid-V2+... + v„_j + v„+pd-«>0. 
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NITROGEN LOSS IN SOILS ON THE APPLICATION OF 
AMMONIUM SULPHATE AND RETARDATION ON THE 
ADDITION OF COALS 


Bj 

N. R. Dhar and G. P. Agarwal 
(Chemical Laboratories, University of Allahabad) 

It has been concluded from a large amount of experimental 
observations that apart from the improvement in the physical condition 
of the soil, the main function of organic matter is the fixation of at- 
mospheric nitrogen and the preservation of the soil or added nitrogen. 
Sugars, molasses, leaves, straw, sawdust, paper, cotton wool, lignin, oils 
and fats, peat, lignite and coals have been utilised as energy materials 
for nitrogen fixation and protection of the soil or the added nitrogen. 

In this paper experimental results are recorded regarding the 
protective action of different coals on ammonium sulphate when 
mixed with soil. 

Experimental Procedure. 250 gms of well dried and powdered 
(sieved through 1 mm sieve) garden soil was taken in shallow enamel 
dishes and ammonium sulphate was added with and without 
various types of coals to raise the carbon and nitrogen contents of 
the mixtures to about 1 % and 0-2 ‘Vo respectively. Samples were analy- 
sed for its initial nitrogen and carbon percent. Two sets of each mixture 
were made, one was kept exposed to sunlight whilst the other was 
kept covered with black cloth, by the side of the exposed one. The 
soil mixture was daily stirred, the mixture being maintained at nearly 20 % 
moisture by adding distilled water. The exposure was continued and the 
samples were taken out of the mixtures at regular intervals of 2 months. 
The samples were analysed for total carbon and total nitrogen according 
to standard methods of analysis. Mean temparaturc was recorded 
during the exposure. The di.shes were daily exposed to sunlight from 
morning till evening (about 8-9 hours daily). The results of the 
analysis are recorded in the following pages: 
a51-5 
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Analysis of carbonaceous materials uscal 




Total Garbon 
% on dry basis 
in gms. 

Total Nitrogen 
')(iOn dry basis 
in gms. 

Asli" ,', in !. 
oil dry I 

Lignite 


66 

0-767 

M -1 

Lignin 


60 -98 

U-.521 

0 

Bituminous coal, Jharia 

79 -49 

1 -380 

10-1 

Bitiuninous coal, Assam 

74 -89 

0 -91'2 

9-8 

Anthracite, Jammu 

55 -35 

0 -8.5'1 

33 -7 


Anahsis of mil usotl 

Total Garbon O-OM % 

Total Nitrogen 0-0645'X, 




Table I 



Mean temperature during the cx])osur(; It) G 

Date of starting the experiment -l(i- 1-51 

250 gms. soil -f- 1-64 gnxs. ammonium sul|)li.a((' 


Period of 
Exposure 

State 

Total Garbon 
% on dry basis 
in gms. 

Total Nitrogen 
‘/oon dry basis 
in, gms. 

■Ler e<‘ut 
Nitrogen 

0 day 

Exposed 

Govered 

0-476 

0-476 

0 -2089 

0 -2089 


60 days 

Exposed 

Govered 

0 -441 

0-459 

0 -0672 
0-0918 

t)8 

56 

120 days 

Exposed 

Govered 

0-438 

0-448 

0 -0523 

0 -074'9 

75 

6I 

180 days 

Exposed 

Govered 

0-407 

0 -436 

0 -0437 

0 -0603 

79 

71 
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Table 2 

Mean temperature during the exposure 40° G 
Date of starting the experiment — 17-1-51 
250 gms. Soil+ 1 '64 gms. ammonium sulphate 
-f- 1 -9 gms. Lignite (Palana Madras) 




Total Carbon 

Total Nitrogen 


Period of 

State 

%on dry basis 

%on dry basis 

Per cent of 

Exposure 


in gms. 

in gms. 

nitrogen lost 

0 day 

Exposed 

1 -018 

0-2037 




Covered 

1 -018 

0 -2037 

— 

60 days 

Exposed 

0-938 

0-1040 

49 


Covered 

0 -9586 

0-1265 

38 

120 days 

E.xposed 

0-881 

0-0918 

55 


Covered 

0-912 

0-1183 

42 

180 days 

. Exposed 

0 -824 

0 -0796 

61 


Covered 

0 -871 

0-1081 

47 



Table 3 




Mean temperature during the exposure 40 °C 
Date of starting the experiment — 18-1-51 
250 gms. soil-|- 1 -64 gms. ammonium sulphate 
+ 2 gms. Lignin. 




Total Carbon 

Total Nitrogen 


Period of 

State 

%on dry basis 

'/(pn dry basis 

Per cent of 

Exposure 


in gms. 

in gms. 

nitrogen lost 

0 day 

Exposed 

1 -030 

0-2119 

— 


Covered 

1 -030 

0-2119 

— 

60 days 

Exposed 

0-955 

0 -0975 

54 


Covered 

0-973 

0-1187 

44 

120 days 

Exposed 

0-899 

0 -0890 

58 


Covered 

0-913 

0-1081 

49 

180 days 

Exposed 

0-824 

0 -0784 

63 


Covered 

0 -853 

0 -0996 

53 
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Table 4 

Mean temperature during the exposure; lO' C 
Date of starting the experiment— -19- l-f) I 
250 gms. soil+1-6 gms. ammonium sulphate 
” * +1-6 gms. Bituminous eoal (Jh.a.ria) 




Total Carbon 

T'olal Nil:n)ge‘i 

1 

Period of 

State 

%on dry basis 

'jAe)!! dry basis 

Pe-r e-e'ut 

Exposure 


in gms. 

in gms. 

uitreege'U 

0 day 

Exposed 

1 -080 

0 -2089 


Covered 

1 -080 

0 •2089 


60 days 

Exposed 

1 -028 

0 -0899 

57 

Covered 

1 -Olt) 

0 ■ 1 1 29 

40 

120 days 

Exposed 

Covered 

0 -983 

0 -0773 

03 

1 -013 

0 •1003 

5 1 -5 

180 days 

Exposed 

0 -948 

0 -oooo 

07 

Covered 

0 -975 

0-0899 

57 



Table 5 




Mean temperature during the exposure' ■'lO'C 
Date of starting the experiment — 20-1-51 
250 gms. soiH 1 -64 gms. ammonium sulpheite; | 1 •(> gms. 
Bituminous coal (Assam) 




Total Carbon 

Total Nitrogen 

P(;r cent of 

Period of 

State 

%on dry basis 

‘/,',ou dry basis 

aitrogcni lost 

Exposure 


in gms. 

in gms. 


0 day 

Exposed 

1 -064 

0-2001 



Covered 

1 -064 

0 -2001 

........ 

60 days 

Exposed 

1 -023 

0 -0840 

58 


Covered 

1-035 

0 -1080 

•l(i 

l20 days 

Exposed 

0-987 

0-0741 

63 


Covered 

1 -010 

0 -0962 

52 

180 days 

Exposed 

0-945 

0 -0644 

68 


Covered 

0-979 

0-0831 

58 -5 
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Mean temperature during the exposure 40°C 
Date of , starting the experiment — 2 1-1-51 
250 gms. soil+1-64 gms. ammonium sulphate 


+ 2 -3 gms. Anthracite 

Total Carbon Total Nitrogen Per cent of 


Period of 
Exposure 

Sate 

%on dry basis 
in gms. 

%on dry basis 
in gms. 

nitrogen lost 

0 day 

Exposed 

1 -079 

0-2017 

— 

Covered 

1 -079 

0-2017 

— 

60 days 

Exposed 

1 -035 

0 -0784 

61 

Covered 

1 -059 

0-1005 

50 

120 days 

Exposed 

1 -002 

0 -0668 

66 -5 

Covered 

1 -040 

0 -0864 

57 

180 days 

Exposed 

0-992 

0 -0603 

70 

Covered 

1 -018 

0 -0764 

62 


The foregoing results clearly indicate that majority of nitrogen 
added to the soil in the form of ammonium sulphate (artificial fertilizer) 
is not retained by the soil. The loss of nitrogen from the soils in 
dishes I'eceiving sunlight is always greater than in those kept covered. 

The loss may be explained from the viewpoint that in the process 
of nitrification taking place in the soil, ammonium nitrite is produced as 
an intermediate substance which decomposes into nitrogen gas and water 
and thus causes the loss of nitrogen. The formation of ammonium 
nitrite from ammonium salts or proteins requires oxygen and that is why 
this type of denitrification should be facilitated by soil aeration. 

The greater loss in the exposed sets can be explained on the basis 
that the oxidation and decomposition of ammonium salts is always 
greater in light than in the dark, and hence the possibility of Ibrmation 
and decomposition of ammonium nitrite is greater in light than in the 
dark. The results support the conclusion that sunlight plays an impor- 
tant part in the process of nitrification and nitrogen loss. 
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Dhar has in a number of papers, empliasis(Hl lhal llie procc^ss ol' 
nitrification and nitrogen loss is chiefly a pliot()-ch.cnii('a.I ainl surliuu' 
oxidation reaction. Corbet, de Rossi and Sarkaria a,r(‘ in g(ai(‘fa.l a-giaas 
ment with Dhar’s observations. 

When carbonaceous matter like coal is added along w ilh nilrogcannis 
compounds to the soil, the loss of nitrogen is lowca'cd a,s is clear froiii (he 
tables 2-6. The results in these tables show that on addiliou of wirlons 
types of coal with ammonium sulphate added to nuike (he soil nil rogeii 
content to 0-2 %, the loss of nitrogen is decreased from bfl lo l!)-(i| 
(var).dng with type of coal) in 60 clays, from 7.6 (o 6.')-(i6-.6 in ! 2(1 (la,\’s 
and from 79 % to 61-70 % in 180 days, all in light expnsial sd. 

In a recent publication Crowther and \'a((;s (Itiupire JonrnaJ of 

Experimental Agriculture, 1941,9, 77) hav<' r(-|)or(e(l ilinl (lie resp-.nse 

of crops to phosphate and potash are substantially r('(lii< <d when (Innyi' 

is applied but crops are equally responsive to inorg;uii,e niirogcii on 

dunged or undunged land. Hence organic mailer enluun cs l he value 
oi artificial nitrogen. 

The following data recently obtained at Rotluunsled slunv . Icarly 

that both straw and cowdung when added to a,rtiliei;i.l m;i, mires prodnee 
beneficial results; — 


Fertilizer 

No farmyard manure 
With 

” 5J 

Response to farmyard manure 


\ield ol Potatoes in Ions per a.ere 


NoN, NoK 

• 1-0 

9-;-i 


N, NoK 


1 1-1 
6-7 


Ins evident from the above table that the yiel,! ol poialoes sh„„|,| 
W been 9-7 tom (9'3 tom due to farmyard manure aiul (hi doe 
to aitificial nitrogen), but the actual yield Is I M tons. Tliese rrsnils 

show *at the addition offarmyardmanure to artifieiai nitrogenpr. I ' 

an enhanced effeet of the added mineral nitrogen. 
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Moreover, the following experiments on potatoes were carried 
on at Rothomsted for a number of years in which a given dressing of straw 
and nitrogen ploughed into the soil are compared with the same quantity 
of straw rotted with the same c(uantity of nitrogen in a compost heap 
and then applied to the land. The ploughed-in straw has always given 
a better yield than the compost as shown below: — 

12 years (1934 — 45) 

Yeai’s of applying straw Year after appli- 

cation 


Compost 

Straw 

ploughed in 

Compost 

Straw 

ploughed 

Potatoes, tons per acre 7'8l) 

9-40 

7-40 

7-97 

Sugar beet sugar crop per 37'0 
acre 

41-2 

36-4 

38-2 

Barley, grain cwt. per acre 27’ 7 

31-2 

26-5 

27-9 


The above experimental results are in strong support of the con- 
clusion drawn in 1935 by Dhar from various experiments that a 
mixture of ammonium sulphate and organic matter is a better fertilizer 
than ammonium sulphate alone. 

This checking ofihe loss ofnitrogen by the addition of carbonaceous 
substances can be explained from the point of view of negative catalysis, 
as the retarding influence of an easily oxidisable substance upon the 
oxidation of another substance. It is well known that the carbohydrates 
preserve body protein from undergoing oxidation and it is just likely 
that carbonaceous matters present in the soil may also be able to protect 
the soil protein and ammonium salt nitrogen from oxidation. 

One interesting point is observed from the results that the loss is 
retarded maximum by lignite and least by anthracite. Hence it can 
be said that the more easily oxidisable the coal is, the more is the retarding 
effect. 
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Itis, therefore, clear from the above results that tlie value ufartUieuil 
fertilizers should be enhanced if they are mixcal with, earlxaiaceous 
substances. The greater value of the mixtuir^ of a.iuuu»uiuui salts and 
carbonaceous substances for the soil than anunoniiiin sahs alone lies 
in the fact that not only the soil texture is ini[)rov(;(l by the colloids asldud 
with organic manure, but the carbonaceous matter a('ts as an agent in 
the partial preservation of nitrogenous compounds of the soil by Ixihaving 
as negative catalyst. 


Summary 

The majority of nilrogeii added to soil, in, llu‘ (dnn of' iuninoiiium su!(>ha(<' is lost 
h'omthe soil due to the formation and dccompo.sitidii of (lie iiiisluhle siihslaiKc anuno- 
nium nitrite which decornpose.s into nitrogen gas ;ui(l water, llni.s caii.siin'^ Idh.s of 
nitrogen. Carbonaceous material in the form of en;U wlien added lo .soil with ai.mio- 
nium sulphate retards the lo.ss ot nitrogen and acts a.s nef,;a,tive ealalyst in (ho 
process of nitrification. 
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ON CERTAIN DIRICHLET’S SERIES 

By 

Nirmala Pandey and Girja Khanna 

RESEARCH SCHOLARS, ALLAHABAD UNIVERSITY 

1. The object of this paper is to study the following Dirichlet’s 
Series: — 

00 

^^Ai/(n)-Sx(n) 0<J<2lT - • • (M) 

1 

00 

0<.dt<27r . • • (1‘2) 

1 

where the functions f{z), <f>{z), and A(^) satisfy the following 
conditions : — 

gA>-to=0(g-'= for0<^<J,Ai>0 . . . (1-3) 

gAi/u) for 2:J^<^<0,27r>/^:2>0 ... (1-4) 

A( 4 :)= 0 (|.e|) as |.?:|->oo. ... . (1-5) 

,^(^)=0(g'''^'“),0<a<l,;t>0. . . . (1-6) 

2- Let us begin with the series (Tl). It is convergent if and 
only if a>0, and then absolutely convergent. In the half plane 
cr>S>0 (S being an arbitrarily small positive number), the series 
represents an analytic function of S, sa.y H{S). 

Suppose, for a moment, that S is real and positive. With fi, as 
centre and radius |^— j3| =n+|— j3,describe the semi-circle, PCd- Then 
by Cauchy’s residue theorem, we have 
A 51-6 
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where Cj is the contour ^PCQ_^ and 

Now - 2 TriZ_l =0{e~^^<‘ isin^'l^ pQ 

=0(1) over the arc C<2,- 

c I 



Therefore the modulus of the integrand over the arc PC^ putting ^= oe'' 
= 0[^.-P(2-'sia^.-fe„sia.M-e.s,)J (e>0, k,<2^) 

which ->0 as /)->oo, S being bounded. ^ 

Similarly, the integral over the arc CQ.-^0, as /,->oo, if 5 is bounded. 


Prn o ^ bounded values of 6-, the integral over the arc 

roi7->U as p-^co, and we have the equation 
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Considering the integral we see that 

= ( 6 > 0 ) 

S being bounded. 

So that the integral is absolutely and uniformly convergent for all 
bounded values of S and hence represents an integral function of S. 

Similarly /g represents an integral function of S. 

As regards the integral /g, the integrand is 

= €> 0 . 

SO that the integral represents an integral function of S. 

The equation (2'2) has been obtained on the assumption that S is 
real and positive. But as the right side represents an integral function 
of S, the equation persists for all values of S. H{s) is therefore an 
integral function of S. 

3. Let us consider the series (1‘2). It is convergent if and only if 
o'>0 and then absolutely convergent. In the half plane o-^S>0j 
the series represents an analytic function of S say, H{s ) . 

Suppose, for a moment, that S is real and positive. Let A>0. Then 
it is easy to prove that 


H{s) = 

_ . p 6 Ai/ pgAif(-it) ^[—it)e 

J 0 


e‘^-^t—1 


dt — i 


e^Tct_ 2 


■/? 

J 0 


dt 


Since a<l 

both the integrals /j and /g represent integral functions of 6'. 

As regards the integral /g, the integrand 

_ 0 ^ 2 TT ~ JC2 " I ^ I ® ^ j 


(3-1) 
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so that the integral is absolutely and uniformly convergent for all 
bounded values of S and hence represents an integral function of S. 

The equation (3‘1) has been obtained on the assumption tha t .v is 
real and positive, but as the right side represents an integral function of 
S, the equation persists for all values of S. Therefore H{S) is an 
integral function of S. 

4. According to the principle enunciated above, the following 
series may be defined, though expressions for their sums have not been 
obtained. 

00 

^^Am-Sn/logn 0<A<27r . . , (d'l) 

2 

00 

^^Ain-Sn/loglogn 0<A<2^ . . . (4-2) 

2 


00 

2,A:n.fcn“-Sn/logn 0<il<27r, A>0, ()<«<! . . . '(4-3) 

2 

00 

0<.4<2^.4>0,0<a<l. . . . (+4) 

2 

It is easy to prove that they represent integral functions of S. 

Our thanks are due to Dr. P. L. Srivastava, under whose guidance 
the result is obtained. 
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NITROGEN LOSS IN SOILS ON THE APPLICATION OF 
OIL CAKE AND ITS RETARDATION BY THE ADDITION 

OF COAL 


By 

N. R. Dhar and C. P. Agarwal 
(Chemical Laboi'atories, University of Allahabad) 

In continuation of the work published in our previous paper 
in which loss of nitrogen of ammonium sulphate was discussed, ex- 
periments were also carried on to study the nitrogen loss on the 
application of oilcake and its retardation by the addition of the same 
varieties of coal. In this paper some experimental observations have 
been recorded when oilcake was applied to soil with and without 
carbonaceous material in the form of various coals. 

Experimental Procedure: 250 gms. of well dried and powdered 
(sieved through 1 m.m. sieve) garden soil was taken in shallow enamel 
dishes and oilcake was added with and without the various types 
of coals. Samples were analysed for their initial nitrogen and carbon 
per cent. Two sets of each mixture were made, one was kept exposed 
to sunlight whilst the other was kept covered with black cloth, 
by the side of the exposed one. The soil mixture was daily stirred, the 
moisture being maintained at nearly 20% by adding distilled water. 
The exposure was continued and the samples were taken out of the 
mixtures at regular intervals of two months. The samples were analysed 
for total carbon and total nitrogen according to standard methods of 
analysis. Mean temperature was recorded during the exposure. The 
dishes were daily exposed to sunlight from morning till evening 
(about 8-9 hours daily). The results of the analyses are recorded 
below ; 
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Analysis of soil — ^Total carbon% : 0'514 

Total Nitrogen % : 0'0645 
Analysis of oil cake — ^Total carbon % : 47'3 

Total nitrogen % : 6 ‘606 
Mean temperature during the exposure — 40” G. 

Table 1 

250 gms. soil — 5 gms. oil cake — starting date 25-1-51 


Period of 
Exposure 

State 

Total Carbon 
% on dry ba- 
sis in gms. 

Total Nitrogen 

• % on dry ba- Per cent of 

sis in gms. nitrogen lo,st 

0 day 

Exposed 

Govered 

1-343 

1-343 

0-188 

0-188 

— 

60 days 

Exposed 

Govered 

1-135 

1-087 

0-1504 

0-1594 

20-3 

15-4 

120 days 

Exposed 

Govered 

0-897 

0-934 

0-1136 

0-1263 

39-3 

33 

180 days 

Exposed 

Govered 

0-665 

0-821 

0-0786 

0-0989 

58-2 

47-3 



Table 2 



250 gms. soil -j- 5 gms. oil cake -f 5gms Lignite (Palana) 

Starting date — 26-1-51. ‘ 

Period of 
Exposure 

State 

Total carbon 
% on dry ba- 
sis in gms. 

Total Nitrogen 
% on dry ba- 
sis in gms. 

Per cent of 
nitrogen lost 

0 day 

Exposed 

Govered 

2-634 

2-634 

0-196 

0-196 

— 

60 days 

Exposed 

Govered 

2-353 

2-308 

0-167 

0-175 

14-8 

10-7 

120 days 

Exposed 

Covered 

2-049 

2-098 

0-141 . 

0-156 

27-5 

20-4 
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180 days Exposed 1-779 O' 120 38'7 

Covered 1'937 O' 141 28'5 


Table 3 

250 gms. soil + 5 gms. oil cake + 5 gms Lignin 
Starting date — 27-1-51 


Period of 

State 

Total Carbon% Total Nitrogen% Per cent of 

Exposure 


on dry ba- 

on dry basis 

nitrogen lost 



sis in gms. 

in gms 


0 day 

Exposed 

2-552 

0-189 




Covered 

2-552 

0-189 

— 

60 days 

Exposed 

2-303 

0-158 

16-4 


Covered 

2-244 

0-164 

13-2 

120 days 

Exposed 

1-948 

0-130 

31-2 


Covered 

2-117 

0-142 

24-8 

180 days 

Exposed 

1-702 

0-106 

43-9 


Covered 

2-039 

0-125 

33-8 



Table 4 


250 gms. 

soil + 5 gms. oil cake -f 5 gms. Bituminous coal (Nepal) 



Starting date— 

-28-1-51. 


Period of 

State 

Total Carbon% Total Nitrogen% 

Per cent of 

Exposure 


on dry ba- 

on dry basis in 

nitrogen lost 



sis in gms. 

gms 


0 day 

Exposed 

1-982 

0-191 




Covered 

1-982 

0-191 

— 

60 days 

Exposed 

1-763 

0-157 

17-8 


Covered 

1-718 

0-169 

14-1 

120 days 

Exposed 

1-519 

0-125 

34'5 


Covered 

1-572 

(;-i40 

26-6 
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State 


Total Carbon 
% on. dry basis 
in gms. 


Total Nitrogen Per cent of 
% on dry basis nitrogen lost 
in gms. 


Exposed 1'293 

Covered 1'468 


O-lOl 

0-122 


47-1 

36-1 


Table 5 

250 gms. soil + 5 gms. oil cake + 5 gms. Bituminous coal (Jhaiia) 
Starting date — 29-1-51 


Period of 

State Total Nitrogen % Total Nitrogen % 

Per cent of 

Exposure 

on dry basis ' 

on dry basis 

nitrogeir lost 



m gms 

in gms 


0 day 

Exposed 

2-959 

0-208 

— 


Covered 

2-959 

0-208 


60 days 

Exposed 

2-719 

0-171 

17-7 


Covered 

2-664 

0-179 

13-9 

120 days 

Exposed 

2-430 

0-154 

35 


Covered 

2-533 

0-153 

26-4 

180 days 

Exposed 

2-243 

0-108 

48 


Covered 

2-426 

0-133 

36 



Table 6 



250 

gms. soil + 

5 gms. oil cake - 

|- 5 gms. anthracite 


Starting date of experiment : — 30-1-51 


Period of 

State 

Total Carbon 

Total Nitrogen 

Per cent of 

Exposure 


% on dry basis 

% on dry basis 

nitrogen lost 



in gms. 

in gms. 


0 day 

Exposed 

2-567 

0-198 



Covered 

2-567 

0-198 


60 days 

Exposed 

2-355 

0-160 

19-2 


Covered 

2-313 

0-168 

15-1 
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120 days 

Exposed 

2-091 

0-127 

35-8 


Covered 

2-148 

0-146 

27-2 

180 days 

Exposed 

1-872 

0-097 

51 


Covered 

2-037 

0-119 

39-9 


The foregoing results show that considerable loss of nitrogen takes 
place when oil cake is added to soil. The loss of nitrogen from the soils 
in dishes receiving sunlight is always found greater than in those 
kept covered. 

The data in the tables show that an addition of various types of 
coals with oil cake, the loss of nitrogen is decreased from 20'3 % to 
14'8-19‘2 % (varying with the type of coal) in 60 days, from 39‘3 % 
to 27’5-35‘8% in 120 days and from 58'2 % to 38’7-51 % in 180 days 
all in the light exposed set. 

Comparing these results with that of ammonium sulphate 
(tables 2-6 of previous paper “ Nitrogen loss in soils, on the application 
of ammonium sulphate and its retardation by the addition of coal”) 
oilcake loses much less nitrogen than ammonium sulphate chiefly because 
along with protein present in the oil cake, oils and fats which act as 
protectors of nitrogen are also present. These materials, oils and fats 
etc., retard the oxidation of nitrogenous compounds added to the soil. 
This decrease in the velocity of oxidation of nitrogenous substances lessens 
the possibility of formation and decomposition of the unstable intermediate 
compound ammonium nitrite to nitrogen gas and thus decrease the loss 
of nitrogen. 


Summary 

A marked loss of nitrogen is observed when oilcake is added to soil. This loss 
is accounted by the formation of the unstable substance ammonium nitrite during the 
oxidation of proteins. Ammonium nitrite decomposes into nitrogen gas and water, 
thus causing loss of nitrogen. Goals when added with oilcake partially protect the 
soil nitrogen as they act as negative catalyst in the process. 
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L If 

. 00 

0 

CO 

where <l>{s)= 

0 

then 



and the last equation is known as Stielties transform. 


lfW{t) dt be replaced by da{t) a more general case of the eqn. 
(I'l) is obtained in the form 



2. The generalisation of Stieltjes transform can be given by 
taking/(i-) to be the generalised Laplace transform of j){u) in the form 


00 

/(,f)=J {2su)<j>{u)du 
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and <f>{s) to be the generalised Laplaced transform of in the form 


(l>is) =J(2su)-^^^ . PV,^,X2su)V^(u)du. 
0 


The result can be put as 


Theorem I: — If 

CO 

(I 

and 


<^(s)=J (2.fu)-^/* Wi^„(2su)W(u)rh 


then 


CO 00 


X 


(2s)"' r(m-i-n-j-r-i-§ )r(m— n + tH-l) 


r?n-l-ra+r+®, w— n+r+# 

X2^1 


+lm 


r(2n) (-|- — k—tn) 


’ “ 2t] 

(2j-) -m-i-r+l /2 


XaTi 


(— 2 ^ 4 - F )/! ’ { 2 t ) -’"+’■+1 

r( m-\-n-\-r-\-^)r(—m — n-\- r+f) 

i (—‘m—l+r^2) 

r-m+«4r43/2, -»z-K4r+3/2 


1 

5 M 


S 

27.1 


di. 


‘ — OT— /-fr4-2 

provided that 

•S(p±i!+5/4)>0,i!(±m±ii+3/2)>0, R{s)>(\, R{v)>Q 


(2-1) 
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and 

Tif) =0(fP) for small t 

=O(e~‘0 for large J , i?(v)>0. 

Proof: — We have 

00 

/W=J{2.m)-»'‘ . . • (2-2) 

0 


and 


m 


■ (2-3) 


Substituting the value of p{u) from (2*3) in (2*2), we get 

00 ro 

f{s) = J (2,9«) JVk^,n(2su) j (2tu)-^'^ Wi^f2tu)W{t)dtdu. ■ / 

0 0 

On changing the order of integration, we have 

OD 

f{s) = {2s)-^''^U2t)--^^‘^W{t)dt.^u-^i^ Wk^^{2su) Wi^,(2fu)du. 

0 0 

. . . (2*4). 

On substituting the expression for fVj^^^(2su) in terms of Kum- 
mer’s functions, we get 




' ^(- 2 ^) (2suy^^-y\e-^\u-^'^ 
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X 




lV[n {2lu)du. 


Writing the equivalent series for the functions and integra- 

ting term by term, which is valid since 

(i) the series is u. c. in the arbitrary interval (0, A) of u, 

(ii) .H/^ m'" and Wi,,{2lii) arc continuous 

functions of u for u^O, provided that R{m±n-{-^>0 and R(-m±}i-]r 
|}>0, and (iii) the series obtained upon integration is u. c. in (0, R), 
and using Goldstein’s integral 


w,jx)dx- 


XoFi 




I 


we get 


f{s] = {2s) 


- 1/4 


\Zrl^-k-m) ■ (2w/-h 1 ),r! (20’" ' ' 


xr(m-i-n+?'-f-|)r(?K— w-K+l) p 

T{m-l+r+2) ■ ' 


i-?«-|'W-|-r-i-3/2, ni . — ;/■ | r- 1-3/2 


W7. — 1 .V -j- 2 


■ I . 




X2'f’l 


, V. r{2m) (20 

■(-2m+l)/!‘ '(27) 

r{—m-\-n-^r-\r I) /’( ~ m— n -f- r-f 5-) 

r(-m-/+r+2) 

-m-f n-l-r-1-3/2, — m— re-l-r-|-|. i s 


-m—l-^r-\-2 


2t 


let 


In order to justify the change in the order of integration i 


in 


00 

W,,„, (2su) rVi^„ (2iu) du 
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and 

A 

0 ( m ) {2su) {2tu)W{t)dt, 

0 

where A is small. 

Now, xf) is u. c. in ^^0, if 

^0 and Ri p -^n~\~ 1/4) ^ 0< 
the behaviour of IP(it) being given by 
¥'’(^) =0(#P) for small # , 

=0(«“‘ ) for large r , i?(v)>0. 
and B{u) is u.c. in m> 0, provided that 

i?(/5 J:;W-[-5/4)>05 ^0. 

Next, if we consider the integral 

00 00 

/_ Wi,_^(2su) 1 A J |r (2a) !?(() \dt, 

T T 

where T and T' are large, we find that the integral does not exceed 
a constant multiple of 

GO GO 

r 

which tends to zero provided that i2(j)>0, R{v)>0. 

Hence the change in the order of integration is justified under 
the conditions 

R[v)>% R{s)>Q, i2(p±w+l/4)>0, i2(±m±H+i)>0, 

which can be reduced to those stated in the theorem by the principle 

of analytic continuation. 


get 


Corollary: — If we put A; = /— 1/4 and m=n = p^llA in (2'1) we 
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00 



which is Stiei'^es transform. 

Hence Stieltjes transform is a particular case of the result (2-1), 

3. Another generalisation of Stieltjes transform can be given 
by taking f{s), to be the generalised Laplace transform of ^{u) in the 
form given by Meijer and Greenwood and ^(i') to be the ordinary 
Laplace transform of 1 F(m). The result can be stated as 

Theorem II;— If 

CO 

0 

and 

00 

cf>{s)==p-^‘^T{u)du, 

’o 

then 


00 

C A-1 (t/.s) 

/W r{i+v) , 

provided that 

and i?(|±v)>0, i2(p+l)>0, 


( 31 ) 


and 


Proof: — We have 


W{t)=0{tP) for smalls 

= 0(e“‘'®)for large r, R{^)>{). 


... ( 3 - 2 ) 
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and 

00 

... (3-3) 

0 

Substituting the value of P{u) from (3-3) in (3-2), we get 

/W f f r-^W{t)dtdu. 

0 0 

On changing the order of integration, we have 

^ . . (3-4) 

0 0 

Now, from Watson : — Theory of Bessel Functions page 388, 

CO 

we have j" 




when 




i?(^)>|i2(v)| and is:(cosh a)> — 1. 


Therefore, integrating with the help of the above result, 
we have 

00 


dt. 


where 


'^(p4'l)>0, R{^)'>Q, R[s)'>Q, and cosh a — — . 

A51«7 ■ 
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This is same as (3'1). 

The change in the order of integration in (3-4) can be justified 
exactly in the same way as in theorem I. 

4. Yet another generalisation of Stieltjes transform can be given 
by taking/(j) to be the generalised Laplace transform of ^(m) in the 
form given by Meijer and Greenwood and ^(s) to be the generalised 
Laplace transform of W(u) in the form 

03 

^(j)= r {2su)~^^^ Wi^J2su)W(u)du. 

0 

The result can be stated as 

Theorem III • — If 




and 

00 

</>(s) = J (2su ) -"■'" Wi^^(2su)y^(u)du, 
0 

then 


00 00 

0 r=0 


r(-2n) 

ir(f-n-l) 


(2k+1)/! 


(20 


n+r +1/2 


^^r(n+r- v+7/4) r(n+r+p+ 7/4) 

X ^n+T+7/4 


-n-r"” 5/4 

.A-i/a (00 


(?-') 


(n+r+6/4)/2 


0 l_ fOA -n+r+l/2 ^( — n-j-r — J'+|)r'( — «+'/■+ V + J) 

' (“ 2 k + 1 )/!' ^ ~ ^n+F+f/* 
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n-r~5/4 

X ]■ (2') ■ 'I'm, 

provided that 

R{^)>0, R{s)>Q, i2(/±„+5/4)>0, iJ(±v-h«+7/4)>0, 
i2(±v— «+7/4)>0, 
and 

=0(i^) for small / , 


= 0(g for large r ,J?(jS)>0 


Proof: — We have 


00 

/W = J (^) du. 


„ CO 

<l>{u)=^(2tu)~-^/^Wi^,{2 tu) W{t) dt 


Substituting the value of j>{u) from (4‘3) in (4'2) we get 

CO 00 

/W "" J J {2tu)-'^/^Wi^^ {2tu)W{t) dtdu. 


On changing the order of integration we have 

00 00 

” y(m f mm (4-4) 

0 0 

Substituting the value of fT, „ {2tu) in terms of Rummers function 
we have 
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0 r=0 


r{l-n-l) (2k +.1)/ 


xX, [us] {2tu) ''+’-^%5- 


r{2n) (i-K-/),, 

■r(i-+K-0(-2K-t-i)/!'^ 


du. 


Therefore, integrating term by term with the help of (3-5) whicli 
is valid since 

(1) the infinite series in the integrand is ii. c. in (he range m -0, 
and (ii) 

00 

^\K^[su)\du 

0 

is convergent by virtue of [Watson: Theory of Bessel functions, 
Page 202] 

when z is large and | arg <f 77 -, 
we have 




/(■5) ^(”+^->^+7/4)r (K+r+v+ 7/4) p ""’’"■'^'‘(cosha) 

V \ 2 / jn+r+7/4 t=V^ 


X 


lJ 1M_ (i-«-0r 

rd+K-/) (_2re+l)/! 


n-r-5/4 

P 1 (cosh a) 

y ' 

sinh'“’''^’'+'^/^) a 


sinh <"+'■+6/^)^ 

( 2 ^)-n+r+l /2 

r( n-\-r—v—l)r{ — B + r-f y 4- 1) 

^~n +r + 774"'” 


I) 
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where R (^)>0, R{s)>Q, R{p±n+5I4:)>0, 
R{±vfnfll4:)>Q, i2(±v-«+7/4)>0 and cosha= 

This is same as (4‘1) 

The change in the order of integration in the step (4-4) can be 

easily justified as in theorem I. 

5^ We may arrive at another generalisation of Stieltjes trans- 
orm by taking/(^) to be the ordinary Laplace transform of and 
• generalised Laplace transform of W{u) in the form 


<t>{s) =J (2 su)-^!^ Wi „ (2su)W(u) du. 
0 


The result can be stated in the form of the following theorem: - 
Theorem: IV; — If 

CO 


ind 


hen 


<f>{s) =J {2su)W{u)du, 

0 


(5-2) 



|- 5 / 44 -? 2 , 514:— n 
W/4-i 



T{t)dt, . 


(5-3) 
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provided that 

i?(5/4±K)>0, R{t)>0, i2(±K+/o+5/4)>0, 

and 

W{t) =0{t^) for small t 

= 0(«“' ) for large t , i?(v)>0. 

Proof: — Proceeding in a similar manner as in theorem I the 
above theorem can be easily proved. 

M. B. Result (5-3) has also been obtained by saksena in one of 
his corollaries. 
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I. Another* generalisation of Stieltjes transform can be given 
by taking j{s) to be the generalised Laplace transform of j>{s) in the 
form given by Sakseha as 

00 

Jiy) {qsu)<f>{u)du 

0 

and^(. 5 ') to be the generalised Laplace transform of IF (u) in the form 

00 

(l>(s) = J {2su) W{u) du. 

0 

The result may be stated in the form of the following theorem: — 

Theorem V : — If 

00 

/(^) = {qsuY~^^^ . _ W]^^^{q su)<j>[u) du 

0 

and 


^( 5 ) = |* {2su) W{u) du, 

0 


*This. paper is in continuation to my previous paper (Snehlata, 1951) 


then 



64 


Snehlata 




(2^jc+m+r+3/4 “ ' f(c+m-l+r+jl4) _ 

^+m+w+r+5/4,^— m@li+r+5/4 


-T ~ 

Z, ra 


X 2-^1 

c+m — /+r+7/4 
r{2m) {^k-m), {qs) -"^+’'+ 1/2 


V • 2^ 


- 4 - 


*(--2W+I),rr (27) "-”'‘+’"+3/4 


/'(g m+w +z' “|- 5/4) /"(c — »/, ~ « -j- r -j- 5 /4) 

r(g-;/z-/+r-,-7/4) 


Xa^i 


■ dt, 


g-?H-fK-!-f-f 5/4, g— ?n— ?2+r4-5/4 , 

c-m—l+r-^lji . ’ “ 2/ 

provided that 

■S(g±?K±n4-5/4)>0,i?(pd:?2+5/4) >0, 7^(i/) >0, 7v*(/;.s-)>0, 


(M) 


and 


W{t)=0{tP) for small / 

V 

= 0(g-‘^ ), for larged, 
Proof:— W e have 


R{v)>Q. 


00 

/(S)~l^l (pu) e-1/2 . Wt^,„(qsu)4.{u) du . 


■ (1-2) 


and 


00 

=j{2tu)-^/\Wi^^{2iu)4,{t)dt . . . ( 1 - 3 ) 

J ’ \ ^ J 

Substituting the value of cf>{u) from (PS) in (1-2) we get 


00 • 

/(.S') w^„^{qsu 

hr' ;r ’ . 


X^{t)dtdu. 
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On changing the order of integration, we get 

00 00 

f{s) =^+c-l/2^c-l/2 J {qsu) 
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X Wi du. 


• ( 1 - 4 ) 


On substituting the expression for in terms of Kummer’s 

functions we get 

=>0 CO 

f(s) =j“+=-l/2^c-l/2_J {t) </it. jM‘=-3/^e-<f-'3/2)s« 




CO 00 

,ja+c-l/2^c-l/2 r( 2 ;)-l/ 4 y/ (f)i^L-P«J(^^)m+l/2 


k—m) 


Xu 


,c+m 


-1/4 E-ji+wi— 




,c-7ri~l/4 




Now, writing the equivalent series for the functions and 
integrating term by term, which is valid since 

(i) the series is U.G. in ihe arbitrary in.terval (0, A) of U, 

{ii) and 

are continuous functions of u for m> 0, provided that R(c4-?n+n+ll4) 
>0, i2(c-m±/2-l-l/4)>0, 

and (m) the series obtained upon integration is U.G. in {0,R) 
we get 



A 51-9 
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r(c-{-tn-\-n-\-t'-{^5j4:)r{c-{-m — ?z+f-|-5/4) 

^ 2 ^)c+m+r+ 3/4 ' 


X2P1 


c-\-ni — M+r+5/4 
c+w— /+r+7/4 



, ^ r{2m) (l-k-m), 

Z ril-kTm) ’ (-2m+l)/! • (20""-"^ +’■+3/4 

r =:0 

J'(f— toTH+?'+5/4)r'(c— m— /z+r+5/4) 

/■(c — m — /+ r + 7/4) 

p Tc— m+K + ?'+5/4, c—tn—n-i-r+5l4 . •, /Af' 

- ‘ [c— m— /-frf 7/4 2^. 


In order to justify the change in the order of integralioii iu (I' l) 
let 


(It. . . . ( 1 - 5 ) 


xit) =W{t). t-^!^ . lVi^„(2/u) (lu 

0 


and 


B{u) =e-(t>-<// 2 )™. 2,c-3/4_ . iy,^„(2/M)*A(/) (It 

0 


Now xif) is u.c. in t >0, if 

i? ( f dr //z ± w + 5/4) > 0 an d /^ (/) d: w- + 1 /4) j:- 0 , 

And Q{u) is also u.c. in m^O provided that R{p±n~\-5IA)>0, 
-S(cdriW±K+l/ 4 )^ 0 . 


Next if we consider the integral 

“r 


r' 


where T and T are large, we find that th: integral docs not cxcet^d 
a constant multiple of 
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00 CO 

^ . j | dt 

T T 

which tends to zero provided that R[ps)>0, i?(r)>0. 

Hence the change in the oider of integration is justified under 
the conditions 

R{ps)'>Q, R{v)>0, i2(pd=?2+l/4'),^0, R{cfinf_n-{-lj^)fQ, which can 
be relaxed to those stated in the theorem by the principle of analytic 
continuadon. 

If we expand Wi^f2tu) instead of Wi^,fqsu) in infinite series in 
terms of Rummer’s functions in (1‘4) and proceed on similar lines, 
we get 


/W==.v 


,a+c--l/2 ^c-1/2 


- 1/4 


>x 

T(t)dt.J 


j^c-3/4 {p-q/2)su-ut 


X 


00 

- (0„_/)n+l/2 ( 4 +»- 0 r ( 2 » 0 ’' _j L\^ ^9„^^-n+1/2 


ir(f-l^n) ^ ’x:- (2«+l) 

r~\) 


, {2uty IfZn) . 


^Z-(_2«+l)V^“'"'r! 


Wk^fqsu) du 


00 00 

0 r=0 


r(-2«) (-I+K-/), (2 /)-+’-h/4 

Lr(-^~/-4' ■ ^" + :+5/4_ y,i-a+rH.5/4 


\ OS “ / 


xj 0'^+"+’' ^ 


r{2n) f-n-l), 

+ r(f-7+„) • (-l2K+lj_ ,-l • ,^-n+rH-5/4 _ ,-r.-a,r,-0/4 
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X I . e 






=/ 2 lr | 

0 r=0 " 


r{— 2 n) ( 1 +?^— Or r{c-\-ni-^n+-r-\- 5 jA)r{c~---ni |-??.-| r- 1 - 5 / 4 ) 


-l-\-n) ‘ { 2 n-\-\)/\ ■ 


/^(c+re— A-t-»'+ 7 /’i) 


7 +ff 2 +K+?'+ 5 / 4 , f— m 4 -K+?'+ 5/4 

£+K— ^+?'+ 7/4 _ 

r(2?z) (|■~”~0r r(c+m— ?z+r+5/4) J’(c— ??z— ??.+r-|-'^/4) 

'r(-J-/H-K) • (-2«+l) rl • r{c-n-k+r-\-llA) 


^ '^n+r+5/4 ^n-a+r+5/4* 2-^ j 


X 


(20 


-n+r+1/4 


“n+r+5/4 ^-n-a+r+5/4 


• 2X 


-f m— w+r+5/4, c— m— -? 2 -|-r-|- 5/4 


c— n— ^+?'+7/4 


xW[t)dt 

where R{p±n+5jA) >0, R{c±m±n-A-f^ >0, 

R(J)s)>0, i?(v)>0 

Corollary I: — 

If we put a=0, m,q--= \ and /> = 1 in (1-5) we gel 

f{s) =^>n-i/2 r (2^ -1/4 IV -r(-2?w) r(4H-m— A-), 

^ l^r(|— A:— m) ■ ( 2 m-l-l)^r! (20^m '.’' 1.374 


Js+t 
qs 

■ (i ‘(0 


r=0 


^ J((2ff2+K+r-l-5/4) r{2M — w-|-r-|-5/4) 
r(2OT— /+r+7/4) 


Xa-^i 


2m+K-|-r-j-5/4, 2/ra— ?z+r4-5/4 
_ 2m-/+r4-7/4 


5 2 ’ 


2 ^ 


kif 


(- 2 «+l)/! ( 2 jr 3 /*- /'(-;+rV 7 / 4 .) 
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rw+^+5/4, —n-j-r-\-5l4: 

X 2^1 

L-^+r+7/4 

which is the result given by K. M. Saksena. Vide (Thesis on the 
theory of Laplace Stieltjes Integrals by K. M. Saksena, Agra 
University, 1951) 

Corollary II: — 

If we put /=l/4, n=±ll4:,a=0,c = m.q=l and p=l In (1-6) 
we get 



fis) = 


j'T(m— ^4-3/2 



2m+ 1 


This is the result given by Varma, R. S. 


T{t) dt. 


Corollary III: — 


If we put fl = 0, c = qr=\,p=\ and k = \—m in (1-5) we get 


fi r(5/4+«)r(5/4-«) p 

~'5/44-«, 5/4— K 

.1 ^ 

i2t rfj4:-l) j 

JI4-1 27 


Wit) dt 


which is a generalisation of Stieltjes transform. 

If we further put /=l/4, n = ±l/4 in this it becomes Stieltjes 
transform. 

2. Yet another generalisation of Stieltjes transform can be 
given by taking ff) to be the generalised Laplace transform of p (u) 
in the foim given by Saksena, 


fis) ==s^ J W,,^„fqsu)P{u) du 
0 


nad p[s) to be the generalised Laplace transform of ’F [u) in the form 



70 


Snehlata 


cl>{s) = J (usy^-^/^e-«^/W,^^(us)W(7i) du. 

0 

The result can be put in the form of the followinf>' tlieorciu ; 
Theorem VL — If 


CO 


i>{s) = j . Wi^,,{us)W{tt) du, 


CO QQ 

yM=j^ + c-l/2.c-l/2 r„-l/2f^.r(-2w) 

i (2w+l),,r! 

X ^(^+?K+?--|-2?H-l)r(6-4-w, I r-i~ !) 

f ■ - ”r(c+,„+„-V I ,-+:</2) 


;c+?n-j-n— ;-i-r-(-3/2 ’ / 


■ ' i ' -h»o 


xfctfii A£-m | 2>!+H l)r(,;.-„Mx- 

(I- 2 m),r! ' " r(f-,„+„ . 74 .,. , 3 / 7 , 

_ fc— ? b-|-2k-)-?‘+ 15C— OT+r4-l , . 

U-^+.-/+.+3/2 • • • C^-l) 

provided that 

and the behaviour of ■f'(t) being given by 

=0(/®) for small /. ) 

= 0(^-'’’)for large /;' 
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Proof:— We have 

CO 

J\s)=s^ .Wu^^{qsu)P[u^ . . . ( 2 - 2 ) 

0 

and 

00 

<k{u)== .e-'^^i^Wi^fut)W{t)dt. ... ( 2 - 3 ) 

0 


On substituting the value o<l p{u) from (2-3) in (2-2) we get 


ff) |* {qsuY~^t^ . e-(l?-q/2)su 

b 



X Wi^fut)W{t) dtdu. 


On changing the order of integration, we get 

ff) =^a+c-l/2 _ ^c-1/2 J^n-1/2 Lc+n-l^-{/,s-(q.-t)/2} u 

n y 


X^k,m(isu) IVi^Ju) du . . , (2-4) 

Now, substituting the expression for W,^,fqsu) in terms of 
ummers unction and proceeding in a similar manner as in 
Theorem V this theorem VI can be easily proved. 


. The change in the order of integration in the step (2-4) can 
be justified exactly in the same way as in theorem V. 

If, however, we substitute the value of W, fut) in terms of 
Summers unctions in (2 4) and proceed on similar lines, we shall 

get 


if) , ^‘-■-1/2 
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(i+?^+Or ( _ 1 V p+r+1/2 (,-(p-4/2)s« _ Wf, ,„(<7J2^) 

X (2k+ 1), ^ • r! 


^ r(2/l) (|— „ c+r-l/2 _ jf-n+r-M /2 _ (p-<//2).vu 

+2”7!“ r(|— /+«) ■ (-2«4-i), 




_ja+c-l/2 





(-ir 

rl 


r{-2n) 

np - n ) 


^n+r+i/2 r{c-\-2n-\-m-{-r-\-l) r{c-]-pi—m-\-r+l) 

^i^+I)7 ■ ■ r(c+2«— ^+r+3/2) 

P rc+2K+w+r+lj f+2«— . i_^/„ 

X2i^i[ ,+2«-A+r+3/2 ’ 


,V(-1)’' A2«) (I— «+/)r 

r! r(-|-^+K) ■ { l - 2 n \ 


X2F1 




r{c+r+m+l)r{c+ r-m+ 1, ) 
^ ric+r-k-\-SI2) 


(2-5) 


where R { v )> 0 , R { ps )> 0 , R { c + 2 n ± m + l )> 0 , R { c ± m + l )> 0 , R{n | 7/, 

+p-M):.-0. 


Corollary: — 


M 


lfwepi;tfl = 0, c — m,q = l and^ = l in (2 '5) we get 
r{-2n)r{2n^l)r{2m+2n+l)s-^^-'^ 
r{^-n-J)r{m+2n-k+3l2) 


X 


CO 

2 m + 2 n + l , n + l+^i m + 2 n - k +? j;-i W { t)dt 




r(2H)r(2m+l)j 


-1 


r{\^n-l)r{m-k^Zj2) 


00 

■I 


zP% 


'2m+l, I, l-n+k 
tn k-\-3j2, — 2K-j- 1 


l-tjk 


i/;(/,) (it. 


(2-G) 
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which is the result obtained by Saxena Vide (Thesis in the Theory 
of Laplace Stieltjes Integrals by K. M. Saxena, Agra’ Varsity, 1951). 
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] . In this paper it is proposed to give two theorems which 
connect the generalised Hankel transform of f{s) with ^(/) where f{s) 
is the generalised Laplace transform of in the form 

00 

f{s) dt. 

0 


Theorem 1: — If 


f{s) dt ... (M) 

0 

and 

OD 

... ( 1 - 2 ) 

0 

where 

J {x) is Maitland’s function defined by 

X 
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then 




eo 



(X+rt+2r-h‘?/2) 




q -"- T { X -^ c + n + a +2 r -^3 l 2) r { X + c ~ n + a +2 r -\-3 l ‘2) 
~ ^ r{X+c-l+a+2r+2) 


X ^Fi 


,X-\-c~\-n-^(i-\~2T~\~%i A“|— c — }i~\- u~\-2t-\-^ 
^X+c—l+a-\-2r-\-2 



dt, 


... (1-3) 

provided that 

i2(p+c±«+l)>0, 7e(A+r+fl±K+3/2)>0, R{^)>Q, 

R{p)>0,i^>0, 


and 


(l>{x)=0{xP) for small a; 
= for large x 


,RiP)>0. 


Proof We have from (M) and (1*2) 

X ^i,n{qyt)<i>{t)dt dy 

00 00 

Wi/gyt)dy, ... (1-4) 

on changing the order of integration. 


To justify the change in the order of integration let, 


9{y ) 


fl / ^ ^ ^ 

j^c+a-l/2 j fc-l/2^g-lp-q/‘i)yt 


X W^i,n {qyt)4>{t)dt 
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and 

X (t) - ■ J 

0 

^ Wi^n{qj>t) dy, 

where A is small. 


Now Q[y) converges uniformly injv^O, if 
RiffcfinA-a-f^^O, 7?(/3-|-rdr^2 -f- 1) >-05 

as /(^)=0(1). (x-^O). 

\ 

And x(^) converges uniformly in t^O, if 
R{cf-p±:n)f:0, j?(A+^^d-^zd=w+3/2) >0. 


Again if we consider the integral 

X+l M/v2i,2s 


T ^ T 

where T and T' are large, we find, on account of the following 

pL 

asymptotic behaviour of J {x ) : — 


X 

J^(x) = 0 cxp\^{iJixf' .{cos -rTk’)! Ilk’ 


J5 


(x-^od) 


(1-4^) 


where A:' = 


1+p. ' 


that I does not exceed a constant multiple of 


cn 

J|(;^)x+i/2_ (^2y/4)-feux+i/2).y+a+l-i/2 _ /'.(xy/4).'''(cos rrk')lfik' 


dy 
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which tends to zero when 0</i<l, R{^)>0, R{p)>0. 

Hence the change in the order of integration is justified when 
i?(jS)>0, l>/x>05 R{c-\-<i:}zn-\- p) < 0, 

R{py^% 

which can be i elaxed to those mentioned in the theorem by the 
principle of analytic continuation. 


Now, 




CO CO 

'JS 

0 


< 2v r 

^ \ 4 / [ ^X-l 2r.| c i „ _ ^,- (p-<i/2) y: _ ppr 

^Of!r(r+ATpr)b ’ - , 




on substituting the infinite series for )• 


Integrating term by term, whicli is permissible. Tins is ( (imil (o 


(_l)r^j.+ 2 r. 1 - 1/2 r( A+r+« +< 2 + 2?-+2/3) r(A- 1 r u \ a h2r-| 2/3) 


22^W(i +a+» 


X (^i)-(X+c+a+2r+l) 

Therefore, 


r(A+r-/+fl-l-2r | 2) 
pA+c+ w+fl-f 2r-l-|, A-|-r— I 'Ir- 1- ij 
A_j_f — ^_l_(2_j_2?'-|~2 


Phi 


00 00 

J r=0 


i i/‘2 ... ti? 


(-1)’ 
2“'r!r(lH.A-! ,u) 


^~(X+«+2r-h3/2) V “/ j 


^,r(A+c+?z+a+2r+3/2)r(A+c-w.-h<+2rd-3/2) 

r(A+r-r+a+2/--|-2) 


XoFi 


A+c+k+« 4‘2?'+3/2, A-f-e — H,-|' fl-|"2r- 1 3/2 


A-j-f — 


■phi y>{i)di 

. . (14/;) 
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provided that i2(p+^±;z+l)>0, R(X+c+a±n-{-3l2)>0, i?(i3)>0, 
iLt,>0, R{p)>0. 

Case 1 : — If we put a = 0, q = l, c=m, l=^k, n = m :md fi = I in 
(1-45) we get 


CO CO 

X r=0 


-{X+2r+3/2) Jr: 

2vrr(i+A+/:^) 


X 


r(A+2m+2r+3/2) r(A+2r+3/2) 
T(X+m—k+2r-\-2) ^ ^ 


p{t) dt. 


which is the result obtained by Saksena. 


Case 2: — If we put a=0, q==l, c=m, l=k, n = m, p = \, A = v and 
ju, = l in (1'4B) we get 

„Cy') _ •^(2™+*'+^/2)-^(’'4-3/2) ny „+i/2 |r.-j--3/2 m(f\ 


^ if 3 


pm 

L 1V7 I 


+v/2+3/4, m+v/2+5/4, v/2+3/4, v/2+5/4 


//z/2 — ^/24"W2 + l5 ?^/2 — ^/2 +i^/ 2+3/25 z^+ 1 

which is again the result obtained by Saksena. 

2. Theorem 2: — If 

00 

AO = j ■ ^k,m{^St)P{f)dt . . 




dt, 


• ( 2 - 1 ) 


g{x) = (-1)" • /(j) dy 


• ( 2 * 2 ) 


and 
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X 


\r{~Q.m) {^-\-m—k)sr{X-{-m+2r+s+7fA) 2 " 

[ r{\j2-k-m){2m+\), 

r{2m){\j2-tn-k),r{X-m+2r+s-^lf^y2-'^ 
r{\l2-k->rm)(-2my\)] 




(2'3) 


provided that i?(/3im4-5/4)>0, i2(AJ:;m+7/4)>0, i2(/S)>0, ;u. 0 and 

(j){x) =0{xf‘) for small x 


■■0{e ^ ) for large x j , R{^)>0. 


Proof: — 

Proceeding as in theorem no. 1 this theorem can be easily 
proved. 
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